Abstract. We give a combinatorial characterization of nodal curves admitting a natural (i.e. compatible with and independent of specialization) d-th Abel map for any d ≥ 1.
Pic
d X arising as the limit of the Abel maps of smooth curves specializing to X, for some family. A further requirement is added to ensure separation of the target space; see 1.2.
Thus, the target space of our d-th Abel map is the Picard scheme, not any particular compactification of it. Our definition and results should be sufficently general to apply to various compactified Picard schemes existing in the literature (see section 5).
The construction of complete Abel maps for singular curves was carried out by A. Altman and S. Kleiman for irreducible and reduced curves in [AK] ; see also [EGK00] for further results. Not much is known for reducible curves. Recently, in [CE06] , degree 1-Abel maps of stable curves are defined, compactified, and shown to be natural. For higher d the completion problem is open in general, see [Co06] for some progress in case d = 2. Our main result indicates that a safe way to approach it is to work with a fixed one-parameter smoothing of the given curve X (as in [CE06] and [Co06] ), or to restrict to natural Abel maps.
Among our techniques, the main one is the use Néron models of Jacobians (as constructed by M. Raynaud in [R70] ); this allows us to obtain a concrete description of our axiomatically defined Abel maps. Then we combine a result of E. Esteves and N. Medeiros about deformation of line bundles and enriched structures (in [EM02] ) with a detailed combinatorial analysis. I wish to thank Simone Busonero and Eduardo Esteves for helpful suggestions and remarks.
Statement of the main result
In this section we state the main theorem (1.5) after a few preliminaries.
1.0.1. Conventions. We work over an algebraically closed field k. X always denotes a connected, reduced, projective curve defined over k having at most nodes as singularities, and C 1 , . . . , C γ its irreducible components.
By a (one-parameter) regular smoothing of X we mean a proper morphism f : X → B = Spec R, with R a discrete valuation ring having residue field k and quotient field K, such that X is the closed fiber of f , the total space X is nonsingular, and such that the generic fiber of f , denoted X K , is a smooth projective curve over K.
Let X = ∪ If Z ⊂ X is a (complete) subcurve, we denote by d Z the multidegree of L |Z (L restricted to Z) and by |d Z | the total degree of L |Z .
Set D(X) := {D = n i C i , n i ∈ Z} the free abelian group generated by C 1 , . . . , C γ . If Z ⊆ X is a subcurve of X, so that Z = ∪ Ci⊂Z C i , we shall, as usual, abuse notation by denoting again Z = Ci⊂Z C i ∈ D(X).
For any f : X −→ Spec R be a regular smoothing of X we have a symmetric bilinear product ( · ) : D(X) × D(X) → Z, often called the "intersection pairing", which is the same for every f (as long as the total space X is regular, which we always assume). Recall that (X · D) = 0 for all D ∈ D(X).
For any subcurve Z ⊂ X we set Z ′ := X Z and
Z·X . The intersection pairing descends to D(X). 1.0.2. Twisters. For a fixed regular smoothing f : X → B of X, set
Their union as f varies among the regular smoothings of X is denoted by
Elements of Tw X are special line bundles called twisters.
Thus we have a surjective map Tw X −→ D(X) associating to any T ∈ Tw X the class of a D ∈ D(X) such that T = O X (D) |X . We shall denote such a class Supp(T ) and call it the support of T . Let D ∈ D(X) and T ∈ Tw X such that
, independently of the representative D for D. Furthermore, this shows that deg T does not depend on the regular smoothing defining T . In other words, the multidegree of a twister only depends on its support, so that we can unambiguously write
where the second arrow is a group homomorphism. We denote by Λ X ⊂ Z γ the image of deg above, i.e. the group of multidegrees of all twisters:
More details about this set up will be in section 3. Interpreting Z γ as the set of all multidegrees on X, we get an equivalence relation on it, induced by X:
. Introduce the set of multidegree classes of total degree equal to a fixed d
X is well known to be a finite set whose cardinality does not depend on d ([R70] 8.1.2, see also [C05] 3.7 for an overview). As we shall see, ∆ d X is useful to control the non-separatedness of the Picard scheme.
For
X its class. 1.0.3. Let f : X → B be a regular smoothing of X. Then there exists a Picard scheme relative to f , denoted here Pic f (an alternative notation is Pic f = Pic X /B , which is not used in this paper). Pic f is a scheme over B whose generic fiber is Pic XK , the Picard scheme of the curve X K . Pic f has a basic moduli property which we need to recall. Let S → B be a B-scheme, then for any line bundle L on S × B X there exists a unique B-morphism
which we refer to as the moduli map of L. More details are in [GIT] Pic f is smooth over B but not separated if X is reducible. The essential reason is the existence of twisters (see 1.0.2), which must all be identified in any separated completion of Pic K over B.
Using the moduli property of Pic f one can construct Abel maps for smooth curves over any base scheme, see 2.0.4. For example let X be a smooth curve over k. As we already said, the d-th Abel map of X is the map α
Example 1.1. Let X = C 1 ∪C 2 be a curve having two smooth components meeting in only one node r. Let us examine the naive definition for the Abel map in degree 1, copying the smooth case. We get a map regular away from the node r:
Let us illustrate some pathologies of definition (7). The two components ofẊ are mapped to two different connected components of Pic
All the connected components Pic d1 C 1 × Pic d2 C 2 of Pic 1 X are obviously projective, hence α cannot possibly be extended to a regular map from the whole of X to Pic 1 X. A second problem is the fact that (1, 0) ≡ (0, 1); indeed #∆ 1 X = 1 (see (4)). Now if X → B is a regular smoothing of X, any separated model of Pic 1 XK over B cannot contain components of Pic X corresponding to equivalent multidegrees (see below). So the target space of the naive Abel map (7) fails to be separated.
A more satisfactory definition turns out to be 1.2 below; first some notation. Let f : X → B be a regular smoothing of X, then (a) There exist a regular smoothing f : X → B of X and a map β f :
such that the restriction of β f to the generic fiber is the d-th Abel map of (6)), and the restriction of β f to the closed fiber is equal to
A d-th Abel map β is called natural if it is independent on the choice of f . More precisely, if for every regular smoothing f of X there exists a (necessarily unique) β f as in (a), extending β.
Condition (b) will ensure that the image of an Abel map is contained in some separated model of Pic A concrete description of Abel maps will be given by Proposition 2.1. In section 5 we shall relate our definition to others in the literature.
Although (see 2.2) every curve does have Abel maps, not all curves admit a natural one. Our main result, Theorem 1.5 characterizes in purely combinatorial terms those curves admitting a natural d-th Abel map. Before stating it we define the crucial combinatorial character. Denote X sep sing ⊂ X sing the set of separating nodes of X, i.e. X sep sing is the set of nodes p of X such that X p is disconnected. In the next definition, we use the notation of 1.0.1 and adopt the convention that if S is an empty set of integers, then inf{n ∈ S} = +∞.
It is easy to check that to compute ǫ(X) it suffices to consider connected subcurves, and that (8) and (9) are equivalent.
An example: if X = C 1 ∪ C 2 then either #(C 1 ∩ C 2 ) = 1 and ǫ(X) = +∞, or #(C 1 ∩ C 2 ) ≥ 2 and ǫ(X) = #(C 1 ∩ C 2 ). The proof of the theorem will be in section 4.
Abel maps via Néron models
The goal of this section is to obtain a complete description of Abel maps, which will be done in 2.1. We shall use Néron models in the same spirit of [C05] . We refer to [BLR] chapter 9 or to [A86] section 1 for details.
Let f : X → B be a regular smoothing of X; as we said in 1.0.3, if X is reducible Pic 
The map q f restricted to Pic
X are the classes of f -twist equivalent line bundles.
Abel maps and Néron models.
To study Abel maps of singular curves, we use an approach analogous to [GIT] section 6, just like in [CE06] . With the notation introduced in 1.0.3, let f : X → B be a regular smoothing of X. Consider the base change of f toẊ 
as defined in (5). By definition, its restriction to the generic fiber is its d-th Abel map, α
where the notation N(α 
To use the morphism (12) we shall fix a choice of representatives for the multidegree classes, given by a map
Then there exists a unique isomorphism
and obviously does not depend on f . Now compose the map N(α 
where, abusing notation, q f is the restriction of q f : Pic By construction
Now consider the isomorphism ι r (see (13)
. Therefore
using (17) for the last equality. Now ι r • N(α
f,X and we are done. Remark 2.2. We get that, for all d, every curve X has Abel maps, infinitely many of them if X is reducible (at least one for every r).
As a consequence of 2.1, to prove Theorem 1.5 it suffices to study the maps α f,X will not be natural.
Spaces of twisters
The goal of this section is to characterize twisters that depend only on their support, hence only on their multidegree (see 3.1), and not on the regular smoothing defining them (see 3.10). Recall the set up of 1.0.2; we shall need the following well known facts, see for example [A86] p.220 diagram 1.21. The notation is in 1.0.2. Notice also that for any n ∈ Z the level curves of D and of D + nX are the same, hence it makes sense to speak of level curves of a class D ∈ D(X). We can also define level curves of a twister T ∈ Tw X as the level curves of its support, Supp(T ) ∈ D(X). Similarly, for any t ∈ Λ X the level curves of t can be defined via the isomorphism D(X) ∼ = Λ X of 3.1. More precisely, we need the following Lemma 3.3. Let t ∈ Λ X with t = 0.
Lemma 3.1. (i) The map deg : D(X) −→ Λ X is an isomorphism (ii) For any regular smoothing f of X and any T, T
′ ∈ Tw f X we have T = T ′ ⇔ deg T = deg T ′ . In particular Tw f X ∼ = D(X)
There exists a unique D(t) ∈ D(X), with deg D(t) = t, admitting an expression
where ℓ(t), m h and Z h (t) are uniquely determined by the following properties. 
now for every h ≥ 1 we have (Y · Z h (t)) ≥ 0 (because Y lies in the complementary curve of Z h (t)). Therefore, since m 1 ≤ m h if h ≥ 1, we get
indeed the Z h (t) have no common components and ∪
ℓ(t)
1 Z h (t) is a reduced proper subcurve of X whose complement is, by definition, Z 0 (t). If Y = Z 0 (t) the last inequality is strict, so we are done.
Let D ∈ D(X); to the level expression D = m∈Z mD m of (19) we can naturally associate a set of nodes S(D) as follows. (22) S
Similarly, let t ∈ Λ X and consider Therefore we can use the following non-ambiguous notation
The following result due to Esteves and Medeiros, in [EM02] , characterizes twisters among all line bundles on a nodal curve X.
(As we mentioned, the converse easily holds)
The language used in [EM02] , section 6, is different from ours; here is a small dictionary. Our D is τ 1 C 1 + . . . + τ m C m in 6.9 of [EM02] . Υ in [EM02] is the set of irreducible components of the curve. The partition P of Υ corresponds to our level expression of D so that a subset I of P corresponds to a non empty level curve D m . Condition 6.9.1 is ν * [EM02] assumes characteristic 0, which is not needed for the proof given to this result.
3.0.6. A useful graph. Mantaining the hypothesis and notation above, we now introduce the graph Γ(S), whose verteces are the connected components of X ν S and whose edges correspond to S. An edge e joins the two verteces corresponding to the two components passing through the node represented by e. So, Γ(S) is the connected graph obtained from the standard dual graph of X by contracting to a point all the edges corresponding to nodes not in S. Let b(S) = b 1 (Γ(S), Z) be its first Betti number, so that b(S) = #S + 1 − #(connected components of X ν S ). Corollary 3.6. Let t ∈ Λ X and S = S(t). Then there are bijections ↔
where Pic X
Proof. As observed in 3.5 (also in 6.9 of [EM02]) we have an injection Tw
f ′ . Surjectivity of such an injection follows from 6.9 of [EM02] .
The second bijection (well known), follows from the exact sequence
Definition 3.7. Let Q ⊂ X be a (connected) complete subcurve. We say that Q is a tail of X if Q ∩ Q ′ is a separating node of X. Let D ∈ D(X); we say that D is a sum of tails if there is an expression D = m i Q i + nX where the Q i are tails of X. Let D ∈ D(X), then D is a sum of tails if any of its representative in D(X) is. Let T ∈ Tw X, we say that T is a sum of tails if Supp(T ) is. ′ is a union of tails of X and we are done. If Z is union of tails of Q r then Z is actually a tail in Q r (Z is connected) hence Y is also a tail of Q r and hence (arguing as before) Z ′ is a union of tails of X. 
We can of course assume that t = 0. Let us introduce D(t) = ℓ(t) 1 m h Z h (t) described in 3.3; then S(t) = S(D(t)). We shall prove (•) using induction on ℓ(t). First, we simplify the notation by writing Z 0 := Z 0 (t); recall that Z 0 , defined in 3.3 part (c), is not empty. Now on with the induction: assume ℓ(t) = 1. Then D(t) = m 1 Z 1 (t) with m 1 > 0 and
. Therefore, by the definition of essential connectivity (1.3 form (9)) we have
On the other hand by 3.3(d) we have
Combining these two inequalities with the hypothesis ǫ(X) > d we get
Restricting the equality t = d − d ′ to Z 0 and applying the above relation we obtain 
Therefore lemma 3.3 applied to u gives that Z 0 (u) = Z 0 + Z 1 (t) and
So ℓ(u) = ℓ(t) − 1. To be able to apply the induction hypothesis to u and conclude that S(u) ⊂ X sep sing we need to express u as the difference of two elements in Part(d, γ). To do that let
We claim that d ′′ ∈ Part(d, γ). In fact, let C be an irreducible component of X, then of course d If C ⊂ Z 0 , by (21) in 3.3 we have that t C ≥ −m 1 (C · Z 0 ) hence We highlight some remarkable special cases of the theorem. (1) Let X be a curve of compact type. Then for all d ≥ 1 every d-th Abel map of X is natural. (2) Let X be a nodal curve free from separating nodes and such that ǫ(X) > d.
Then X admits a unique natural d-th Abel map, described as follows:
Abel maps and compactified Picard schemes
This final section is to establish some connection with the vaste literature on compactified Jacobians. To keep it to a length comparable with the rest of the paper, various important, interesting facts have been left out; so, it may appear somewhat obscure to a reader who is not already acquainted with the theory of compactified Picard schemes. On the other hand it will hopefully be useful to somebody wishing to apply or generalize our results to study and compactify Abel maps within a particular compatified Picard scheme.
The generalized Jacobian of a nodal curve X fails to be projective, unless X is of compact type. The problem of constructing a compactification for it, with certain
